Quasinormal modes and Stability Analysis for 4-dimensional Lifshitz Black Hole 
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We study the Lifshitz black hole in 4-dimensions with dynamical exponent z — 2 and we calculate 
analytically the quasinormal modes of scalar perturbations. These quasinormal modes allows to 
study the stability of the Lifshitz black hole and we have obtained that Lifshitz black hole is stable. 

PACS numbers: 



I. INTRODUCTION 

Quasinormal modes (QNMs) of stars and black holes have a long history, from the original works [IHH to the 
modern point of view given in the literature Among the main characteristic of the QNMs, an interesting feature 

is their connection to thermal conformal field theories. According to the AdS/CFT correspondence (7L classical 
gravity backgrounds in AdS space are dual to conformal field theories at the boundary (for a review see 8|). Using 
this principle it was established that the relaxation time of a thermal state of the conformal theory at the boundary 
is proportional to the inverse of imaginary part of the QNMs of the dual gravity background, Q. Therefore, the 
knowledge of the QNMs spectrum determines how fast a thermal state in the boundary theory will reach thermal 
equilibrium. On the other hand, Bekenstein [lfj| was the first who proposed the idea that in quantum gravity the area 
of black hole horizon is quantized leading to a discrete spectrum which is evenly spaced. About this topic, the QNMs 
allows to study the quantum area spectrum of the black hole horizon. In those lines an interesting proposal was made 
by Hod [ll| who conjectured that the asymptotic QNMs frequency is related to the quantized black hole area. The 
black hole spectrum can be obtained imposing the Bohr-Sommerfeld quantization condition to an adiabatic invariant 
quantity involving the energy E and the vibrational frequency ui(E) [l2j |. Identifying u>(E) with the real part U)r of the 
QNMs, the Hod's conjecture leads to an expression of the quantized black hole area, which however is not universal 
for all black hole backgrounds. Furthermore it was argued [131 ]. that in the large damping limit the identification of 
u)(E) with the imaginary part of the QNMs could lead to the Bekenstein universal bound [10]. Therefore, the analytic 
computation of QNMs for black holes geometry is an important task in order to connect different key ideas about 
black hole physics and gravitational theories. Recently another consequence of AdS/CFT correspondence Q has been 
the application beyond high energy physics to another areas of physics, for example quantum chromo dynamics and 
condensed matter. In this sense, Lifshitz spacetimes have received great attention from the condensed matter point 
of view i.e., the searching of gravity duals of Lifshitz fixed points. From quantum field theory point of view, there are 
many scale invariant theories which are of interest in studying such critical points. These kind of theories exhibit the 
anisotropic scale invariance t — >• X z t, x — > Xx, with z ^ 1, where z is the relative scale dimension of time and space 
and they are of particular interest in the studies of critical exponent theory and phase transition. Lifshitz spacetimes, 
described by the metric 

ds 2 = -I 2 (r~ 2z dt 2 + r~ 2 dr 2 + r^dx 2 ) , (1) 
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where x represents a D — 2 spatial vector and I denotes the length scale in the geometry. 

In this work we will consider a matter distribution outside the horizon of one Lifshitz black hole, we will focus our 
study in the analytic solution found in Ref. [Hj]. The action is 

S = \ J d*x(R 2A) - J d*x (^V + ^A 2 + (e-^ - 1)) , (2) 

where, R is the Ricci scalar, A is the cosmological constant, A is a gauge field, F is the field strength and m 2 A — 2z. 
The black hole solution of this system that asymptotically approaches to the Lifshitz spacetime is given by 
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f{r) = 1 - — . (4) 



For z = 2, the metric of Lifshitz black hole is 



ds 2 = -^dt 2 + —^dr 2 + —dx 2 . (5) 

In order to compute the QNMs, we perturbed this geometry with a scalar field and also we are assuming that the 
back reaction is vanished over this geometry. Then we just need to solve the Klein-Gordon equation of scalar field 
for the geometry under consideration. Therefore, we obtain the analytic solution of the quasinormal modes which are 
characterized by a spectrum that is independent of the initial conditions of the perturbation and dep ends only on 
the black hole parameters and on the fundamental constants of the system (for a recent review see [III Ell) and also 
through our analytic results we study the stability of the Lifshitz black hole via QNMs. 

The paper is organized as follows. In Sec. II we calculate the exact QNMs of the scalar perturbations of 4- 
dimensional Lifshitz black hole. Our conclusions are in Sec. III. 



II. QUASINORMAL MODES 



The quasinormal modes of scalar perturbations for a minimally coupled scalar field to curvature on the background 
of a Lifshitz black hole in four dimensions are described by the solution of Klein-Gordon equation 
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where m is the mass of the scalar field ip. In order to solve Klein-Gordon equation we adopt the ansatz i\) 
R(r)e 
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Performing the change of variables u= and inserting in Eq. ([7]) we obtain 

u 2 -'i 
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now using the changes v — u 2 and 1 — v = z, the Eq. (|8]) can be written as 
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which, under the decomposition R(z) — z a (l — z) l3 K(z) with 



a±=±-|-, (10) 



p± = \ (2 ± VI- 



(11) 



can be written as a hypergeometric equation for K 

z(z - l)K"{z) + [c - (1 + a + b)z] K'(z) - abK(z) = . (12) 

Where 

c=l + 2a, (13) 

1 



a=^[-l±^l-r 2 H K 2 -r A H uj 2 + 2a + 2(3) , (14) 



(15) 



b = ~ ^-1 =F \fl~ r 2 H n 2 - r%uj 2 + 2a + 2(3^j . 

The general solution of Eq. (|T2"j) takes the form 

K = C 1 F 1 {a, b, c; z) + C 2 z 1 ~ c F 1 (a - c + 1, b - c+ 1,2 - c; z) , (16) 

which has three regular singular point at z = 0, z = 1 and z = 00. Here, F±{a, b, c;z) is a hypergeometric function 
and Ci, C2 are constants. Then, the analytic solution for the radial function R(z) is 

R(z) = C lZ a {l - z) /3 F 1 (a, 6, c; 2) + C 2 z~"(l - zf ' F x {a - c+ 1, 6 - c+ 1, 2 - c; z) . (17) 

So, in the vicinity of the horizon, z = and using the property F (a, 6, c, 0) = 1, the radial function R(z) behaves as 

R(v) =de alnz + C 2 e~ alaz , (18) 

and the scalar field if) can be written as 

ip ~ c*ie-^ ( * +I f- lnz ) + C 2 e- ia; ^- r i Lln ^ , (19) 

in which, without loss of generality we considers a = a_, the first term in Eq. (fT9")l represents an ingoing wave and 
the second one an outgoing wave in the black hole geometry. In order to compute the QNMs, we must to impose 
boundary conditions on the horizon, the existence only the ingoing waves (this fixes (72 = 0). Then, radial solution 
becomes 

R(z) = C\e alnz (l - z)' 9 F 1 (a, b, c; z) = de"^ ln2 (l - zf F^a, b, c; z) . (20) 

Now, we need to implement boundary conditions at infinity (z = 1), before to perform this task we shall apply to Eq. 
(|20p the Kummer's formula for the hypergeometric function as a connection formula |l7j |. 



F 1 (a,b : c;z) = T J. c)T{c ° ^ F(a, 6, a + b- c, 1 - z) + (1 - Z y—» ^E^, + b c ) F 1 (c-o >C -6 >C -o-&+l, 1- z), 
1 (c — a)l (c — b) 1 [a)l (0) 

(21) 

with this expression the radial function reads 

R(v) = C x e-^ l ^(l-zf l ic)T{c ~ a ~ ^ Fx (a, 6, a + b - c, 1 - z) 

1 (c — a)l (c — 0) 

+Cie-™ * lnz (l - ^^"^ ^^(oto" ^ 1 ^ -a,c-b,c-a-b + l,l-z). (22) 
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FIG. 1: Im( uj) v/s m; th — 1 and k = 1. 
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FIG. 2: Im( w) v/s Jm(m); m = 1 and k = 1. 



For, /3_|_ > 2 the field at infinity is regular if the gamma function T(x) has the poles at x = —n for n = 0, 1, 2, the 
wave function satisfies the considered boundary condition only upon the following additional restriction (a) 1,8, = — n 
or (b)\/3 + = — n. In the cases of /3_ < the field at infinity is regular or null if the gamma function T(x) has the poles 
at x = — n for n = 0, 1, 2, the wave function satisfies the considered boundary condition only upon the following 
additional restriction (c — a)\fs_ — —n or (c — b)\p_ = — n. These conditions determine the form of the frequency of 
quasinormal modes as 



r 2 H k 2 (-l - 2n) + m 2 (l + 2n) + 2(2 + 2n - 6n 2 - An 3 ) V '4 + m 2 (r 2 H n 2 +m 2 + 2-An- An 2 ) 
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(23) 



The stability of black holes can be analyzed via QNMs and it is known that such stability is guaranteed if the 
imaginary part of the QNMs is negative. Now, we consider the QNMs that we have analytic found in the previous 
section. In this way and without loss of generality we have chosen rn = 1 and k = 1 and we have plotted in Fig. ([TJ, 
the imaginary part of the modes with respect to the scalar fields mass. 



Till this point we have considered a positive value for the scalar field mass. Now, we are considering a scalar field 
with imaginary mass and we plot the behavior of the quasinormal modes with respect to imaginary part of the scalar 
field mass in Fig. ([2]). 



Note that from Fig. ([2]), for (—2 < m 2 < 2), the stability of the Lifshitz black hole is guaranteed . It is worth noting, 
that the condition on the m 2 that we have used agrees with the analogue to Breitenlohner-Freedman condition, that 
any effective mass must be satisfied in order to have a stable propagation Ref. plj . 
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III. CONCLUSIONS 



Lifshitz black hole is a very interesting static solution of gravity theories which asymptotically approach to Lifshitz 
spacetimes. This spacetime is of interest due to its invariance under anisotropic scale transformation and its repre- 



sentation as the gravitational dual of strange metals 18[ . If z — 1 , the spacetime is the usual AdS metric in Poincare 



coordinates. Furthermore, all scalar curvature invariants are constant and there is a curvature singularity for z ^ 1, 
Ref. [l9l - [22| . In this work we calculated the analytic QNMs of scalar perturbations for the four dimensional Lifshitz 
black hole with plane topology by using Dirichlet boundary condition at infinity. First, we have found that the quasi- 
normal modes are purely imaginary i.e., there is only damped modes. Second, using our analytic results we studied 
the stability of this geometry under scalar perturbation, we note that the stability is guaranteed if the imaginary part 
of the QNMs is negative. In this sense, our results are summarized in Figs. ([T]) and ((2]), where the imaginary part 
of the modes is plotted with respect to the scalar fields mass. For the cases of positive mass we found, from modes 
with n > the imaginary part of QNMs frequency satisfy the stability condition. Also, we considered a scalar field 
with imaginary mass and we found that for (—2 < m 2 < 2), the stability of the Lifshitz black hole is guaranteed . We 
allow to note, that the condition on the m 2 that we have used agrees with the analogue to Breitenlohner-Freedman 
condition. 
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